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 Deformations of spaces of imbeddings

 By ROBERT D. EDWARDS and ROBION C. KIRBY

 Introduction

 In [9], the second author proved that homeomorphisms of the torus T"

 (the n-fold product of circles) are stable and used this fact, along with an

 immersion of Tn minus a point into R', to prove that the homeomorphism

 group of RI (with the compact-open topology) is locally contractible. This

 paper generalizes the techniques of that paper and applies them to arbitrary

 manifolds. The main theorem of the paper says that if U is a subset of a

 manifold M containing a compact subset C in its interior, then given any

 two sufficiently close proper imbeddings ho, go: U p M of U into M, there is

 a canonical proper isotopy ht: U-) M, t E I, connecting ho to an imbedding h,
 which agrees with go on C. Furthermore, the isotopy is fixed on the comple-
 ment of a compact neighborhood of C in U. As corollaries to the theorem

 we obtain the following.

 COROLLARY 1.1. The homeomorphism group SC(M) of a compact mani-

 fold M is locally contractible.

 Remark. Since 5((M) is a topological group, it follows rather easily

 that the point whose neighborhood is being contracted can be left fixed

 during the contraction. As it so happens, the contraction constructed in the

 proof has this additional property.

 COROLLARY 1.2. Let ht: C o M, t E I, be a proper isotopy of a compact

 subset C of a manifold M such that ht has a proper extension to a neighbor-

 hood U of C. Then ht can be covered by an ambient isotopy of M, that is,

 there is an isotopy H,: M-e M such that Ho = 1M and ht = Htho for all t.

 If ht: Me. M, t E I, is an isotopy of M and B is a subset of M, then ht is

 supported by B if ht I M - B = 1 for all t.

 COROLLARY 1.3. Let ht: M-e M, t E I, be an isotopy of a compact mani-

 fold M and let {B. I 1 < i < p} be an open cover of M. Then ht can be written
 as a composition of isotopies ht = hk,thk1,t ... h1,tho where each isotopy

 hit: MO)M is an ambient isotopy which is supported by some member of {B.}.

 Remark. It follows from the corollary that ho and hl are isotopic via
 arbitrarily small moves, that is, if gt: M e M, t E [0, k], is defined by gt =
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 64 EDWARDS AND KIRBY

 hjt-j+lhj-, ***h1,lho for t e [j - 1, j], then gt is an isotopy by moves (each
 supported by some BI) connecting go = ho to gk = h1.

 Section 7 of the paper shows how the above results can be extended to

 the relative case in which one considers a manifold pair (M, N), where N is

 a locally flat proper submanifold of M. Thus, close imbeddings of a subset

 U of M whose images of un N agree (as sets) are isotopic so that the image

 of Un N stays invariant during the isotopy. Furthermore, if the imbeddings

 agree pointwise on U n N then the isotopy is fixed on U n N. The above

 corollaries have the appropriate generalizations to the relative case. In

 particular, Corollary 1.2 can be substantially strengthened when C is a

 proper submanifold of M. If ht: N o M, t e I, is a proper isotopy of a mani-
 fold N into M, then ht is locally flat if for each (x, t) e N x I, there is a

 neighborhood [to, t1] of t in I and there are level preserving imbeddings

 a: B" x [to, t1] N x I and 8: Bn x B1-" x [to, t1] M x I onto neighbor-
 hoods of (x, t) and (h,(x), t) respectively, such that the following diagram
 commutes.

 B > x 0 x [t, t1] c B" x Bm-" x [toy tj]

 ja 1___ _
 Nx I - M x I.

 h(x,t)0= (ht(x),t)

 If N is a locally flat proper submanifold of M, then this is equivalent to

 saying that for each (x, t) e N x I, the isotopy ht extends to some neighbor-

 hood U x [toy t1] of (x, t) in M x I in a level preserving fashion.

 COROLLARY 1.4. (Isotopy extension theorem for topological manifolds.)

 Let ht: N-+ M, t e I, be a locally flat proper isotopy of a compact manifold

 N into a manifold M. Then ht can be covered by an ambient isotopy of M,

 that is, there is an isotopy It: M_) M, t E I, such that Ho = 1M and ht =
 Htho for all t.

 Corollary 1.1 has been proved independently by Cernavskii [3], using a

 convergent stretching-shrinking process on homeomorphisms instead of

 using torus homeomorphisms. Also, a version of Corollary 1.2 has been

 proved by Lees in [12], where he uses it to prove a topological version of a

 well-known immersion theorem from the differentiable and piecewise linear

 categories.

 2. Notation and definitions

 All manifolds are assumed to be metric, but are otherwise arbitrary. If

 U is a subset of a manifold M, a proper imbedding of U into M is an im-

 bedding h: U-p M such that h-'(aM) = Un AM. An isotopy of U into M is
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 DEFORMATIONS OF SPACES OF IMBEDDINGS 65

 a family of imbeddings ht: U-p M, t e I, such that the map h: U x I M

 defined by h(x, t) = h,(x) is continuous. An isotopy is proper if each im-
 bedding in the isotopy is proper.

 If C and U are subsets of M with C c U, let I( U, C; M) denote the set

 of proper imbeddings of U into M which are the identity on C, and let

 I( U; M) denote I(U, 0; M). Let I(U, C; M) be provided with the compact-

 open topology. Thus a typical basic neighborhood of h e I( U, C; M) is of the

 form NA(K, s) = {g e I(U, C; M) I d(g(x), h(x)) < s for all x e K}, where K is
 a compact subset of U, > 0 and d is the metric on M.

 Suppose X is a space with subsets A and B. A deformation of A into

 B is a map R:A x I-EX such that qJA x 0 = 14 and (A x 1)cB. IfP
 is a subset of I( U; M) and q: P x I -I( U; M) is a deformation of P, we
 may equivalently regard g as a map A: P x I x U p M such that for each

 h e P and t e I, the map g(h, t, _): Up M is a proper imbedding. Thus a de-
 formation of P is simply a collection {ht: U - M, t I I h e P} of proper

 isotopies of U into M, continuously indexed by P, such that ho = h. All the
 deformations of the paper will be deformations of a neighborhood P of the

 inclusion A: Uc M in the space I( U; M), and they will leave the inclusion

 fixed. If W is a subset of U, a deformation A: P x I I(UU; M) is modulo W

 if g(h, t) I W = h I W for all h e P and t e L
 Suppose q: P x I -I(U; M) and A: Q x I I(U; M) are deformations of

 subsets of I( U; M), and suppose that (P x 1) c Q. Then the composition of

 + with g, denoted by Amg, is the deformation *: P x I-I(U; M)
 defined by

 h ((h, 2t) if t e [0, 1/2]
 *(h l t) =l(p(h, 1), 2t -1) if t e [1/2, 1]

 Let RI, be a euclidean n-space and let B, = [-1, 1]'" c R%. In general, let

 aBn = [-a, a]' for a > 0, and let [a, b]B, = bBn - int aBn. We regard S'
 as the space obtained by identifying the endpoints of [-4, 4] and we let

 e: RI SI denote the natural covering projection, that is, e(x) = (x + 4)
 mod8 -4. Let T1 be the n-fold product of S'. Then aBn can be regarded as

 a subset of T1 for a < 4. Let en: RI, T1 be the product covering projection
 and let ekl,: Bk x RI Bk x T1 be the map lBk x end These maps will each

 be denoted by e when there is no possibility of confusion.

 3. Propositions

 Let Di be the unit n-ball in RI' and let SI,' be its boundary. We regard

 SI,-' x [-1, 1] as a subset of RI by identifying (x, t) with (1 + t/2) .x. The
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 66 EDWARDS AND KIRBY

 following proposition is a sort of Aversion of the generalized Schoenflies

 theorem [1]. It is a special case of a theorem of Huebsch and Morse [16, Th.

 1.2] and has also been proved by Gauld [15].

 PROPOSITION 3.1. (Canonical Schoenflies theorem.) There exists an > 0

 such that for any imbedding f: Si,` x [-1, 1] R" within s of the identity,

 f I Sn-1 extends canonically to an imbedding f: D- R%. The imbedding f is
 canonical in the sense that f depends continuously on f and if f = 1, then
 1 =1.

 PROOF. It suffices to choose s > 0 so that f(S'-1 x -1) c int 3/4 DI and

 f(S'n- x 0) c RI , 3/4 D. The idea of the proof is to canonically define a

 map p: f(Sn-l x [-1 0]) cl (int f(S -')) such that the only non-degenerate
 inverse set of p is p-1(0) = f(S'-1 x -1) and such that p I f(S'-1) = 1. Then
 p can be used to extend f I S,-' to f by defining f(O) = 0 and f I Dn - 0 =
 pfr-1, where w: S,-' x (-1, 0] D - 0 is the homeomorphism defined by
 co(x, t) = (1 + t) -x. If it happens that f is not the identity when f is, then

 let r = 1: DI, DI and replace f by fr-'.
 The construction of p mimics the techniques used by Kister to show that

 an origin preserving imbedding of RI into RI can be deformed to be a

 homeomorphism [10, Th. 1]. These techniques are also written down in [11,

 Lem. 3]. Because of these references we omit the details here.

 If Mis a manifold, then a collar for aMis an imbedding a: aMx [0, 1] AM

 such that a I aM x 0 = lm The existence of such collars was proved in [2].
 The following proposition is proved by an elementary application of one of
 the techniques of that paper. We will henceforth adopt the custom of

 identifying a collar with its image.

 PROPOSITION 3.2. Let M be a manifold with a collar AM x [0, 1] and let

 CO and VO be compact subsets of AM such that CO c intaM V,. Let U be a subset
 of M such that VO x [0, 1] c int U. Then there is a neighborhood P of the

 inclusion r7: U c Min I(U, V0; M) and a deformation g: P x IJI(U, V0; M)
 of P into I( U, Vo U Co x [0, 1/2]; M) such that g is modulo the comnplement
 of an arbitrarily small neighborhood of V0 x [0, 1].

 PROOF. Let W be an arbitrary neighborhood of VO x [0, 1] in U and

 choose P so that h E P implies that VO x [0, 1] c h(W). Let X: VO [0, 1] be
 a map such that X(C) = 1 and X(fraM VO) 0 O. For each t E [0, 1] let

 Wt = {(x, s) e VO x [0, ilO I < s < tx(x)}

 and define a homeomorphism t: Wt - int W,12 Wt by linearly stretching
 the fibers over the boundary points, that is, yt(x, s) = (x, 2[s - tX(x)/2]) for
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 DEFORMATIONS OF SPACES OF IMBEDDINGS 67

 each (x, s) e Wt - int Wtl2. Extend yt via the identity to a homeomorphism
 7r, M - W - M. For each h e P, define an isotopy ht: UN AM, t e [O, 1],
 by

 t'-lhrt on U- Wtl2

 on Wtl2.

 Then ho =h h, I VO U CO x [0, 1/2] = 1 and ht I U-W = h l U-W for each
 t. This defines the desired deformation.

 4. The main lemma

 The following lemma is a special case of the main theorem, which in

 turn is proved by repeated applications of the lemma. The absolute case

 (k = 0) of the lemma was proved by the second author in [9, Th. 4]. The

 lemma will be generalized further in ? 7, in order to handle the case where

 deformations leave fixed a submanifold of the given manifold. In ? 8, we

 present an alternative proof of the lemma which makes use of a different

 technique to produce the intermediate homeomorphism of Bk x Tn.

 LEMMA 4.1. There is a neighborhood Q of the inclusion a: B' x 4B" c

 Bk x Rn in I(Bk x 4B1, aBk x 4Bn; Bk x R&) and a deformation * of Q

 into

 I(Bk x 4BA, aBk x 4Bn U B k x Bn; Bk x Rn)

 modulo a(Bk x 4Bn) such that (77, t) = 7 for all t.

 PROOF. Let C be the set [1/2, 1]Bk x 3BB. It is convenient to work with

 imbeddings which are the identity on C. This can be arranged by applying

 Proposition 3.2, which says that there exists a neighborhood Q0 of 7 in
 I(Bk x 4Bn, aBk x 4Bn; Bk x RI) and a deformation

 Ar: Q0 x I-n I(Bk x 4Bn, aBk x 4Bn; Bk x RI)

 of Q0 into I(B x 4BS, aB x 4Bn U C; Bk x Rn) such that '/, is modulo

 a(Bk x 4Bn). Note that *0(, t) = 7 for all t.
 The main construction of the lemma is as follows. Given an imbedding

 h e I(Bk x 4Bn, aBk x 4Bn U C; Bk x RI) which is sufficiently close to the

 inclusion 7, we construct a homeomorphism g: Bk x Rn B' x RI, continu-
 ously dependent upon h, such that g aBk x RI u Bk x (R - int 3Bn) = 1

 and g I Bk x B" = h Bk x Be. The deformation of the lemma is then defined
 by composing an isotopy of g with h. The homeomorphism g is produced by
 successively lifting maps as indicated in the diagram below.

This content downloaded from 
������������195.37.209.180 on Thu, 22 Oct 2020 09:12:16 UTC������������� 

All use subject to https://about.jstor.org/terms



 68 EDWARDS AND KIRBY

 Bkx g=h5 Bkx B x R g=h B x R"

 B x R h B x RI

 eI ~~~~h3 {
 Bk x Tnh Bk X T

 U h2l U
 Bk x Tn - 3Dk x 3Dn Bk x Tn - D x Dn

 n h2 n
 Bk x Tn - 2Dk x 2Dn Bk x Tn - D x Dn

 U h U
 Bk X (Tn-2Dn) ) Bk X (Tn - Dn)

 I l h
 Bk x 4B h Bk x R"

 The neighborhood Q1 of )2 which appears in the proof will always be
 understood to be a neighborhood of the inclusion map 7 in the spaceW
 I(Bk x 4Bn, aBk x 4Bn U C; Bk x Rn) .

 Let DI, 2DI, 3DI, 4Dn be four concentric n-cells in Tn - 2Bn such that

 jDn c int (j + 1)Dn for each j. Likewise let Dk, 2Dk, 3Dk, 4Dk be four con-
 centric k-cells in int Bk such that 1/2Bk c Dk and jD k C int (j + 1)Dk for each

 j. As explained in [9, Prop. 3] or [13], there exists an immersion a,: Tn -Dn
 int 3Bn. By the generalized Schoenflies theorem [1], we can assume that

 ao I 2Bn is the identity. Let a denote the product immersion

 1 x a0: Bk x (T1 - DI) ) Bk x int 3B .

 If h e I(Bk x 4B1, aBk x 4Bn U C; Bk x RI) is close enough to 7, then h
 can be covered in a natural way by an imbedding hd: Bk X (T - 2D-)

 Bk x (Tn - DI) (see diagram). This is done by defining h1 to agree locally

 with a-'ha. Thus, let { Uj I 1 < i < r} be a finite cover of Tn int 2Dn by
 open subsets of Tn - Dn such that for any two members Uj, Uj, which have
 non-empty intersection, a (Uj U Ui,) is an imbedding. Let { Wi I 1 < i < r}
 be a cover of Bk x (Tn - 2D") by compact subsets of Bk x (Tn - DI) such that

 Wi c Uj for each i. If e is chosen small enough and if Q1 = N,(a(Ul Wi), s),
 then h e Q1 implies that ha(Wi) c a((Uj) for each i. For such an h we can
 define the lifted map h1: Bk x (Tn-2D ) Bk x (Tn-DI) by letting h, I Wi =
 (a I Ui)-'ha I Wi for each i. Then h1 is an imbedding which lifts h and depends
 continuously on h, and is such that if h is the inclusion then so is h1.

 Furthermore, h1 I (Bk - Dk) x (Tn - 2D") = 1.
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 DEFORMATIONS OF SPACES OF IMBEDDINGS 69

 From this latter property it follows that h, can be extended via the
 identity to an imbedding

 h2: Bk x T" - 2Dk x 2Dn Bk x Tn - Dk x DI'

 Let Dm = Dk x Dn We can now apply the canonical Schoenflies theorem

 (Proposition 3.1) to extend h, I Bk x T_ - 3D.. to a homeomorphism of Bk x Tn.
 For if Q, is sufficiently small then h e Q1 implies that h2 1 (3 1/2 D-m - 2 1/2 Dtm)

 is close to the identity and therefore h2 I a 3Dtm: a 3Dtm int 4D.. extends to an
 imbedding h2: 3Dtm int 4Dt. Define a homeomorphism h3: Bk x T" Bk x T"
 by letting

 h3 I Bk x Tn - 3Dm = h2 I Bk x Tn - 3Dtm and h3 I 3Dm = h2.

 By the construction, h3 depends continuously on h and if h is the inclusion,

 then h3 is the identity.

 Now if h3 is sufficiently close to 1, then h3 lifts in a natural way to a

 bounded homeomorphism h4: Bk x Rn Bk x Rn (where bounded means that
 the set {11 h4(x) - x I x e Bk x R1} is bounded). We can define h4 so that it
 locally agrees with e-1h3e, similar to the way that h, was defined. For if U
 is any subset of Bk x Rn of diameter < 4, then e I U is an imbedding. For each
 x e Bk x RI, let h4 I Ul(x) = (e I U2(x))-'h3e I Ul(x), where Us(x) denotes the open
 (3-neighborhood of x. Then h4 depends continuously on h3, h4 I aBk x Rn = 1,
 and h4 = 1 if h3 = 1.

 Let y: int 3Bt- R-m be a homeomorphism which is a radial expansion
 and which is the identity on 2Btm 2Bk x 2Bn. Extend h4 via the identity

 to a homeomorphism h': Rk x Rn RI x Rn and define a homeomorphism

 h5: Bk x Rn Bk x Rn by

 J/-lh' on Bk x int 3Bn

 h5 = on Bk x (R - int 3Bn) .

 The continuity of h5 follows from the fact that h' is bounded. Now h5 has

 the following properties:

 (1) h5 I aB x RI U B x (R" - int 3B ) = 1,

 (2) aeyh5(x) = hael(x) for x e Bk x 2Bnr n h l(Bk x 2B"), and

 (3) h5 depends continuously on h, and if h =2, then h5 = 1.

 Property 3 implies that if Q1 is small enough, then hs(Bk x B") c Bk x 2Bn

 whenever h e Q1. Thus, since aey I Bk x 2B" = 1, property 2 implies that
 h5 I Bk x Bn = h I Bk x Bn. Therefore h5 is the desired map g mentioned at
 the beginning of the proof.

 To complete the proof we show how to use g = h5 to deform h to be the

 identity on Bk x Bn. Extend g via the identity to a homeomorphism
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 70 EDWARDS AND KIRBY

 g: Rk x RI Rk x RX and define an isotopy gt: Bk x RX Bk x RX, t e [O 1],
 by using the Alexander trick on g, that is,

 gt(x) tg( tx if t> 0
 x if t = .

 Define a deformation

 *,: Q, x I? I(Bk x 4B1, aBk x 4Bn; Bk x RI)

 by *,(h, t) = g-'h: Bk x 4Bn Bk x R%. Then *, deforms Q1 into

 I(Bk x 4Bn, aBi x 4B1 U Bk x B1; Bk x R-).

 If Q1 is small enough so that h e Q1 implies that h(Bk x a4Bn) n Bk x 3Bn =

 0, then Vr is modulo a(Bk x 4BB). Note that *,(7) t) = ( for all t. Finally,
 let Q be a neighborhood of ( in I(B1k x 4B13 aBk x 4B1n; Bk x RI), Q c QO,
 such that *Vr(Q x 1) c Q1, and let I =k1*'o% Q x L Then * is the desired
 deformation of the lemma.

 5. The main theorem

 The following theorem is the main result of the paper. Essentially it

 says that if U is a subset of a manifold M and if C is a compact subset in

 the interior of U, then any proper imbedding of U into M which is sufficiently

 close to the identity can be isotoped to an imbedding which is the identity

 on C, such that the isotopy itself is a continuous function of the imbedding.

 The theorem is proved by applying Lemma 4.1 to the handles of a carefully

 chosen handlebody cover of C.

 THEOREM 5.1. (1) Let M be a topological manifold and let C and U be

 subsets of M such that C is compact and U is a neighborhood of C. Given

 any neighborhood Q of the inclusion 7): Ucz Min I(U; M), there is a neighbor-
 hood P of r2 in I( U; M) and a deformation qp: P x I-) Q of P into I( U, C; M).
 Furthermore, q' is modulo the complement of a compact neighborhood of C in

 U and q(r, t) = r2 for all tc I.
 (2) Suppose in addition to the above hypotheses that {D1, D2, * , Dq} is

 a finite collection of closed subsets of M, each with a neighborhood Vi in M.

 Then q' can be chosen so that the deformation q' i [P n I( U, U n vi; M)] x I
 takes place in I(U, U n Di; M) for each i.

 Note. The deformation q' constructed in the proof has the additional

 property that if h e P is such that h I un n1I= 1, then p(h, t) I un aM= 1
 for all t. Also, part 2 of the theorem holds for pairs (Vi, Di) in aM where Di
 is closed and Vi is a neighborhood of Di in aM.
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 DEFORMATIONS OF SPACES OF IMBEDDINGS 71

 PROOF. The main portion of the proof is devoted to proving the follow-

 ing statement. Given subsets C, D, U and V of M such that C is compact,

 D is closed, U is a neighborhood of C and V is a neighborhood of D, then there

 is a neighborhood P, of r7 in I(U, Un V; M) and a deformation IP: P', x In)
 I(U, Un D; M) of Pa, into I(U, urn (C U D); M) such that qp is modulo the

 complement of a compact neighborhood of C in U and q(77, t) = 77 for all t.
 Part 1 of the theorem follows easily from the statement (letting D = V= 0),

 for if Q is a given neighborhood of 7 in I(U; M), then there is a neighbor-
 hood P of 7 in P, such that p(P x I) ci Q. Part 2 follows from the statement
 by means of an induction argument which is given at the end of the proof.

 Henceforth it will be understood that all deformations of subsets of

 I(UU; M) fix the inclusion and are modulo the complement of a compact

 neighborhood of C in U.

 The proof of the statement is divided into two cases.

 Case 1. C-D n AM= 0. Let {(Wi, hi) 11 < i < r} be a finite cover of

 C - D by coordinate neighborhoods which lie in U, where hi: Wit Rm is a

 homeomorphism. Express C(-D as the union of r compact subsets C1, * * *, C,
 such that Ci c Wi, and let Di = D U U ji Cj for 0? i ?< r. The proof of
 case 1 is by an induction argument on i. At the ith step we assume that

 there exists a neighborhood Pi of 7: U c M in I( U, U n v; M) and a defor-
 mation pi: Pi x I I(U, U lnD; M) of Pi into I(U, UnVi; M), where Vi is
 some neighborhood of Di. The induction starts trivially at i = 0 by taking

 V =V, P0 = I(U, un V; M) and qpO to be the identity deformation. We
 show how in general the inductive assumption can be extended to hold true

 for i + 1.

 Identify W,+1 with Rm in order to simplify the notation. Then Ci+1 is a
 compact subset of Rm and Vi n Rm is a neighborhood in Rm of the closed
 subset Di n Rm. There exists a finite cell complex pair (K, L) in Rm such
 that (K, L) has a handlebody decomposition with the following properties

 (1) Din Ci,,cLcint(vi nFRX),
 (2) Ci+, c K,
 (3) K-L LnDi = 0, and

 (4) if A is a handle of K - L and if k is the index of A, then there is

 an imbedding A: Bk x Rn Rm, m = k + n, such that fi(Bk x B") = A and

 1i(Bk x Rn) n (Di U L U Kk - A) = p(QBk x B"), where Kk denotes the union
 of all handles of K of index < k.

 The construction of (K, L) is standard, but for completeness we indicate

 how it is done. First, choose a compact neighborhood N of ci+ l nDi in
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 tint ( V n Rm). Thus C+1 -N and Di - N have positive distance apart. Let T
 be a triangulation of Rm of mesh < a, where e> 0 is to be chosen small. Let K,
 and L, be the subcomplexes of T generated by the simplexes of T which

 intersect Cil U N and N respectively. Then (Ko, Lo) is a simplicial pair in T.
 Let T' and T" denote the first and second barycentric subdivisions of T and

 let K = U {st (a, T") I a e Ko} and L = U {st (v, T") j a e LO}, where a' denotes
 the barycenter of a and st (U5, T") is the subcomplex of T" generated by all
 the simplexes which intersect v. Each handle st (Us, T") is a polyhedral
 m-cell. Define its index to be dimension a and let K' denote the union of all

 the handles of index ? k. The two basic properties of the handlebody de-

 composition of K are

 (a) if A and A' are two different handles of the same index, they are

 disjoint, and

 (b) if A is a handle of index k, then the pair (A, A n K'-') is homeo-

 morphic to the pair (B' x By, aB1 x B").

 The fact that (K, L) has properties 1, 2, and 3 listed above follows

 immediately from the definition, assuming s is chosen sufficiently small.

 Property 4 follows, for example, from property b above and the fact that
 AA is collared in Rm - int A. For a more detailed treatment of these facts,
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 see [8, pp. 233 ff.].

 Assume that A1, ***, A , A. are the handles of K - L subscripted
 in order of increasing index. We proceed by induction on j to alter the

 imbeddings in I(U, u nVi; M) a step at a time in neighborhoods of the

 Airs. For each j, 0 < j < s, let D. = Di U Lu UjU!,j Al and assume
 inductively that for some neighborhood P; of 7: Upc M in I(U, un v; M)
 there exists a deformation p.: P; x I I(U, u nD; M) of P; into I(U, Un
 V;'; M) where Vja is some neighborhood of D, in M. (If j = 0, the main
 inductive assumption gives precisely the information that is needed.) Con-

 sider Aj+1 and the imbedding pe: Bk x R - Rm given in property 4 above. By
 re-parametrizing the RI' coordinate if necessary, keeping By fixed, we can

 further assume that pa(aBk x 4B1) c int V;.
 According to Lemma 4.1 (replacing Bk x Be by Bk x 2B1) there is a

 neighborhood Q of the inclusion 77, in I(Bk x 4B", aBk x 4B1; Bk x R,) and a
 deformation * of Q into I(Bk x 4B1, aBk x 4Bn U Bk x 2Bn; Bk x R,) modulo

 D(Bk x 4B1) such that *(u7, t) = 77, for all t. Let Q' be a neighborhood of 77
 in I(U, U n Vi; M) such that h e Q' implies that hpa(Bk x 4B1) c pe(Bk x R")
 and pa-lhpa j Bk x 4B" C Q. Then / can be used to define a deformation
 A': Q' x I-I(U. U n D'; M) of Q' into I(U, Un Vj+1; M) as follows, where
 V>, is a neighborhood of D;+, to be defined. If h e Q', define an isotopy

 ht: U- M, t [0, 1], by

 f h on U - p(Bk x 4Bn)
 t= cc(,Qr-1QhX, t)pr on pe(Bk x 4B")

 Then ho = h and h1EI(U, Un v;+1; M) where V+1 = [Vj UUi(Bk x 2B")] -

 (Bk X [2, 4]Bn). Let *'(h, t) = ht. By the continuity of Ad there is a neighbor-

 hood P;+1 of 77 in I(U, U n V; M), P+i c P, such that 9'(P+, x 1) c Q'.
 Let

 ,= + '* ( }P+1 x I):P,+ x I -I(U, UnD; M).

 Then p+, is the desired deformation, that is, p+, deforms P+1 into
 I(U,u n v1+; M).

 At the completion of the subinduction argument on j, the main induction

 argument can be continued by taking Pi+, = P', Vj+j = V', and pi+, =p'.
 This completes the proof of case 1.

 Case 2. C-D f AMn z 0. The idea of the proof of case 2 is to use a
 boundary collar for M and case 1 of the proof to initially deform the

 imbeddings to the identity on a neighborhood of C-D f AM. The defor-
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 74 EDWARDS AND KIRBY

 mation can then be completed by applying case 1.

 Let AM x [0, 1] be a boundary collar for M. Without loss of generality

 we can assume that C = C - D and that D is compact (since we can assume

 that U is compact and that D c U). Let CO, Do, Uo, and V0 be subsets of

 AM and let 6 > 0 be such that CO is compact, Do is closed, U0 is a compact
 neighborhood of CO, and V0 is a neighborhood of Do and

 cn (aM x [0, 5s]) c intOM Co x [0, 5s], U0 x [0, 5s] cmint U

 Dn (aM x [0, 5]) c intOM Do x [0, 5s], and VO x [O, 5s] c V.

 Let C1 be a compact neighborhood of CO in AM such that C1 c intOM UO.
 The deformation cp produced for this case is the composition of three

 deformations ), 92, and 93. The first deformation 91: P1 x I I(U, uA D; M)
 deforms a neighborhood P1 of (y: Uc M in I(U, U An v; M) into

 I(U, Un (C1 U V1); M) modulo U- UO x [O, 5s], where

 V1 = (V - aM x [0, 5s]) U Do x [0, 5s]

 which is a neighborhood of D. The second deformation 92, which is defined

 using Proposition 3.2, deforms a neighborhood P2 of ) in I( U, Un (C1 U V1); M)

 into

 I(U, Un (Co x [0, 2s] U V); M) modulo U- Uo x [0, 56]

 At this stage the problem can be redefined so that case 1 of the proof applies,

 which leads to the definition of 93.

 Definition of 91. It follows from case 1 that there is a neighborhood P0

 of the inclusion Yo): Uoc AM in I( UO, Uo n VO; aImI) and a deformation 9o: PO x I--
 i(U0, U0 u Do; aM) of P0 into I(Uo, Uo n (Cl U Do); AM) modulo frOM UO. Let
 P1 be a neighborhood of r?: U c M in I( U, U V; M) such that h C P, implies

 that h U0 e P0. Given h e P1, use the deformation 9q to define a level pre-

 serving homeomorphism a: U0 x [0, 5s] UO x [0, 5s] by letting

 a I UO x t = (h I Uo)-19o(h I UOo t6 ).

 Then a is the identity on frM UO x [0, 5s] U UO x 5s and a IC1 x 0 = (h I Uo)- I C1.
 Extend a to all of M via the identity. Then a: M . M is isotopic to 1M

 modulo M - UO x [0, 5s] by the isotopy a,: M-e M, te [0, 1], where a, is
 defined by

 I i-on M- X [0, tJ

 = 3atl on AM x [0, t]

 where at: AM x [0, t] AM x [1 - t, 1] is the homeomorphism which sends
 (x, s) to (x, s + 1- t). Let 9(h, t) = ha,.

This content downloaded from 
������������195.37.209.180 on Thu, 22 Oct 2020 09:12:16 UTC������������� 

All use subject to https://about.jstor.org/terms



 DEFORMATIONS OF SPACES OF IMBEDDINGS 75

 Definition of 92. It follows from proposition 3.2 that there exists a

 neighborhood P2 of Y? in I( U, U n (cl U V1); M) and a deformation 92: P2 x I

 I(U, Un n1; M) of P2 into

 I(U, Un (co x [0, 2s] U VI); M) modulo U - U0 x [0, 5s]

 One may take the V0 x [0, 1] of the proposition to be C1 x [0, 4s] and may
 choose U0 x [0, 5s] to be the arbitrarily small neighborhood of V0 x [0, 1].

 It follows from the proof of the proposition that an imbedding which is the

 identity on U n V, remains so during the deformation.
 Definition of p Let C2 = C-aMx [0, s) and let D2=D U (cn aMx [0, s]).

 Then C2 U D2 =C U D andC2fnAM= 0. Let V2= C0 x [0, 2s] U V1, which

 is a neighborhood of D2. By case 1, there is a neighborhood P3 of 7?: U c M

 in I(U, Un nV2; M) and a deformation 93: P3 x I I(U, Un D2; M) of P3 into
 I( U, U n (C2 U D2); M). This defines 9p.

 To conclude case 2, let P, c P1 be a neighborhood of Y?: U zI M in
 I(U, U n v; M) such that 91(Pu, x 1) c P2 and q2(q1(P, x 1) x 1) c P3 and
 define

 9 = 93*92*(9P I Pu x I): PI x I-i(U, Un D; M) .
 Then 9 is the desired deformation.

 We turn now to part 2 of the statement of the theorem. In order to be

 able to apply an induction argument we work with a generalized version of

 the statement given at the beginning of the proof, namely, suppose C is a

 compact subset of M with a neighborhood U and suppose that D, D1, * * Dq

 are closed subsets of M with neighborhoods V, V1, * * *, Vq, respectively. Then

 there is a neighborhood Pt of the inclusion r,: Ucz M in I(U, Un 1v; M) and
 a deformation I: P, x I- i(U, Un D; M) of P, into I(U, U n (C U D); M)
 such that

 P([Pn I(U, U n vi; M)] x I) ci I(U, U n Di; M)

 for each i and such that 9 is modulo the complement of a compact neighbor-

 hood of C in U and (ry, t) = Y? for all t. Part 2 of the theorem follows
 easily from this statement, letting V= D = 0.

 The proof is by induction on q. The case q = 0 is simply the original

 statement. In general, at the (q + 1)st step, the statement is proved by making

 two applications of the statement with the value q, first to deform the

 imbeddings in a small neighborhood of C n Dq+j and then to complete the
 deformation on the rest of C, away from Dq+l.

 Choose compact sets C0 and CQ in int (U S Vq-i) such that C0 is a neigh-
 borhood of C n D,,+1 and C1 is a neighborhood of C0. Let Ui = Un Vq+i. Let
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 C2 be a compact subset of C such that C2 n Dq+l = 0 and C - C0 cz C2. Let

 U2- U Dq+l, which is a neighborhood of C2

 _- - - V

 - +1
 FIGURE 2

 For each i, 1 < i < q, let Vj' be a closed neighborhood of Di such that
 V,' c- int Vi. Likewise let V' be a closed neighborhood of D such that

 V'c int V. Let D = V,' and D' = V'.

 By applying the induction hypothesis to the space I(U1, U1 n V; M) and

 extending the deformation so obtained by the identity deformation on U- U19
 it follows that there exists a neighborhood P1 of r in I(U, U n V; M) and a

 deformation 'p1: P1 x I I(U, U nD'; MA of P1 into I(U, U n (D' U C1); M)
 such that

 vl([Pl n i(u, u n via m)] x I) c- I(u, u nDo; M)

 for each i, 1 < i < q. If we define D?+1 to be Dq+l, then this last inclusion
 also holds for i = q + 1. Applying the induction hypothesis again, this time

 to the space I(U2, U2 n (v' U C1); M), and extending the deformation so

 obtained via the identity deformation on U - U2, it follows that there exists

 a neighborhood P2 of r in I( U, Un (v' U cl); M) and a deformation q2: P2 x Is-
 I(U, urn (D U CO); M) of P2 into I(U, urn (D U CO U C2); M) such that

 'P2([p2n I(u, u n v,; m) Ix i) c-I(u, u Di; M)

 for each i, 1 < i < q. If we define Vq'1 to be Dq+1, then the inclusion also
 holds for i = q + 1. Let P1 be a sufficiently small neighborhood of r in P1

 such that 'p1(P, x 1) c P2 and define q' to be the composition q = I2*(1 I P., X I.
 Then 9 is the desired deformation of the statement. This completes the

 proof of the theorem.

 6. Proofs of the corollaries

 Let UC(M) denote the group of homeomorphisms of a manifold M, pro-
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 vided with the compact-open topology. It is well known that SC(M) is a

 topological group.

 PROOF OF COROLLARY 1.1. Since UC(M) is a topological group, it is

 enough to prove that XC(M) is locally contractible at the identity. This follows

 immediately from part 1 of the theorem since X(M) - I(M; M) and {1M} =

 I(M, M; M).

 Corollary 1.1 is in general no longer true in the case that M is not

 compact, since the compact-open topology is not fine enough to measure

 when two homeomorphisms are close enough to be isotopic. For example,

 let X be the space obtained from SI x RI by deleting a countable number of

 small open discs, each centered at a point (1, p), p an integer, and let M2 be

 the unbounded 2-manifold obtained by sewing a copy of T2 _ int B2 to each of

 the boundary components of X. For any compact subset of M there is a

 homeomorphism which is the identity on the compact subset but is not

 isotopic to the identity since it may do some twisting of the manifold out

 near infinity. However, there is a certain class of manifolds for which

 Corollary 1.1 does hold true, namely those which are interiors of compact

 manifolds. In this case, M -int Q has an open collar aQ x (0, 1) induced by

 a collar for aQ in Q. The simplest example of such a manifold is R"'. The

 following corollary was proved for this special case in [9].

 COROLLARY 6.1. If M is a manifold which is horneomorphic to the

 interior of a compact manifold Q. then the homeomorphism group SC(M) of

 M is locally contractible.

 PROOF. Let aQ x (0, 1) be an open collar for M, induced by a collar for

 Q. Let C M - aQ x (0, 1/2), which is compact. By Theorem 5.1 there is

 a neighborhood P of the identity in SC(M) and a deformation of P into

 VX1(M, C), where VX1(M, C) denotes the subgroup of homeomorphisms which

 are the identity on C. There is a natural deformation of ,C1(M, C) into {1M}
 by making use of the open collar. By composing these deformations, it

 follows that P deforms into {1M} and therefore VX(M) is locally contractible.

 Another topology for the homeomorphism group VX(M) which makes it

 into a topological group is the majorant topology. A typical basic neighbor-

 hood for a homeomorphism h: M-u M in the majorant topology is of the
 form

 Nh(,s(x)) = Ig e X(M) I d(g(x), h(x)) < s(x) for all x e M},

 where d is the metric for M and s: M-u (0, co) is an arbitrary map. This
 topology is independent of the particular metric chosen for M. We denote
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 X(M) with this topology by XUCm(M). Little can be said about deformations

 of subsets of XJCm(M) that does not immediately follow from Theorem 5.1,

 since any two homeomorphisms which are connected by a path in SJCm(M)

 must agree off a compact subset. However, by redefining the notion of de-

 formation for this case we can say something about when nearby homeomor-

 phisms are isotopic.

 Let P and S be subsets of SX7(M). A fine C0 deformation of P into S is

 a map A: P x I x M- M such that for each (h, t) e P x I, the map

 q'(h, t, _): M-e M is a homeomorphism with 9(h, 0, -) -- h and 9(h, 1, -) E S.
 If Q is a subset of UX7(M) and (ah, t, -) e Q for each h and t, then we say that
 the deformation takes place in Q.

 Using this definition we have the following corollary.

 COROLLARY 6.2. Given any neighborhood Q of 1M in flCm(M), there is a

 neighborhood P of 1M in Q and there is a majorant deformation q of P into {1,}

 such that 9 takes place in Q.

 PROOF. The proof uses a standard technique that is often used to con-

 struct isotopies of a closed subset of a manifold by composing a countable

 number of isotopies, each of which is supported by some member of a locally

 finite compact cover of the closed set. Assume without loss of generality

 that M is connected. Let {(Uj, Ci) I1 < i < Ao} be a countable collection of
 pairs of compact subsets of M such that for each i, Ui is a neighbor-
 hood of Ct, M= U1,iintCi and ui n u :n 0 only if i -j? <1. We can
 assume that Q is of the form Q = N1(s(x)), where s: M-) (0, Oc) is some

 map. Let si = inf s(Uj) for each i. It follows from part 2 of Theorem 5.1
 (letting U= U2j, C = C2, V1 = C2j-1 U C2i+l, and D1 = USi-C2j) that there is
 a sequence {&2i} of positive numbers such that if P2i is defined to be the
 neighborhood N1( U2i, 82t) of I: U2S c M in I( U2j; M), then there is a deforma-
 tion 9P2: P2i x I n I( U2j; M) of P2i into I(U2t, C2j; M) such that qp2i deforms

 Pi r I( U2t, U2i r (C2i-1 U C2i+1); M) into {1}, 9 takes place in N,(U2i, 62i), and
 P2i is modulo frM U2j. Likewise, there is a sequence {&2i-1} of positive numbers
 such that if P2j-1 is defined to be the neighborhood NJ(U2,1, &2i-1) of
 7: U2-1 c M in I(U2j_1; M), then there is a deformation 92i-1: P2i1 x I
 I(U2i_1; M) of P2j-, into I(U2j_1, C2Q1; Mf) such that 92i-1 takes place in

 AT\( U2j.1, mim {82.-1, 522, 22ii})

 and 92i1 is modulo frM U2j_1. Let a: M-m (0, Ao) be such that sup 6(Ui)< di
 for each i and let P be the &(x)-neighborhood of 1M in .Cm(M). Define a de-
 formation Ap: Pa ?Cm (M x I) by
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 cp(h)e = { i-l(E I U2i-1l 2t) on U2i_1 for t E [0, 1/2], and
 h on M - Ui;~ U2i_1

 - = 2i(9U(h)1/2 I U2i, 2t - 1) on U2i for t e [1/2, 1], and
 (tj(h)112 on M - U1i U2i

 Then q is the desired deformation.

 Remark. The technique used in the above proof can also be used to

 generalize Theorem 5.1 to the consideration of proper imbeddings of a

 neighborhood U of a closed subset C of a manifold M. In this case I( U, C; M)

 is provided with the majorant topology and the deformations considered are

 majorant deformations, defined in a manner analogous to the above definition.

 PROOF OF COROLLARY 1.2. Let h,: U- M, t e I, denote the extended
 proper isotopy. Consider an arbitrary to e I. By Theorem 5.1, there is a

 neighborhood P of the inclusion I: h,,(U) c M in I(ht,(U); M) and a deforma-
 tion 9: P x In) I(ho0(U); M) of P into I(hto(U), hto(C); M) such that 9 is
 modulo frM ht,(U). Let N(to) be a sufficiently small neighborhood of to in I
 such that hth-o1 e P for all t e N(to), and define a partial isotopy Ht,,t: My
 M, t C N(to), by

 _htht-1W-(htht-1 1) on ht(U)

 =0 t onM-ht(U).

 Then ht I C = Hto thto I C for all t e N(to).

 The proof now proceeds as in the piecewise linear case [71; see also
 [8, p. 150]. Using the compactness of I, choose a partition 0 = to < t1 ... < t, =

 1 of I and a collection of isotopies Hit: M-e M, t e [ti, ti,1], such that ht I C =
 HthtI C for t e [ti, ti,1]. Let H0 = 1M and assume inductively that there is
 an ambient isotopy Ht: M-y M, t e [0, til, such that ht I C = Htho I C for
 t E [0, til. Extend Hl to the interval [ti, ti,1] by letting H, = HiHtHt for
 t E [ti, t+,1]. Then Ht: M-OM, t e [0, 1], is the desired covering isotopy for ht.

 Remark. Corollary 1.2 has various improvements, just as in the piece-

 wise linear case [7, 8]. For example, if D is the track of C under ht, that

 is, D = Ute, ht(C), then H, may be chosen to be the identity off any given
 neighborhood of D. Also, if ht U n AM = ho I unAM for all t, then H, can
 be chosen so that Ht I aM = 1.

 PROOF OF COROLLARY 1.3. We first show that there is a neighborhood

 P of the identity in UC(M) such that each h e P can be canonically written

 as a composition h = hP_1 ... h, of p homeomorphisms such that hi is
 supported by B. for each i. This is proved by making p applications of part

 2 of Theorem 5.1 (with the value q = 1; actually, all that we use is the
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 statement given in the first paragraph of the proof of the theorem). First

 it is necessary to shrink the cover {Be} p times in order to provide some

 cushioning neighborhoods. For each i, 1 < i < p, let Bi,o = B. and let

 Bij I1 < j < p} be a collection of p compact subsets of M such that
 Bjc int &I-19 1 < j < p, and such that M = U,1ip Bi,. For each i,
 1 < i < p, Theorem 5.1 implies that there is a neighborhood Pi of 1M in
 I(M, U15k:i-1 Bk,i-l; M) and a deformation (p: Pi x In )C(M) of Pi into
 I(M, U1:k:! Bk,i; M) such that (pi is modulo M - Bi,o and 9i(lM t) = 1M for
 all t (we are applying the theorem with C = Biiq U = Bi,0, D1 = Ui?gk?,, Bk,,
 and V1 = U1!k!i-1 Bk,i-l). Let P be a sufficiently small neighborhood of 1M
 in XC(M) such that each of the deformations Ai* ... *99, P x I is defined.
 For h e P, let go = h and let gi = *... *p*1(h, 1). Then g, = 1M and there-
 fore h = (glp-1'g) ... (g21g1)(g-1g,) expresses h in the desired manner. Clearly
 this process depends continuously on h, so that if ht: M y M, t e I, is an

 ambient isotopy such that ht e P for all t, then ht can be expressed as a com-

 position of ambient isotopies h, = hp.thp-,t ... hl,t: M-) M such that for each
 i, hit is supported by Bi.

 Now let h: M-UM, t e I, be an arbitrary isotopy. Let 0 = to < t1 < * * * <t

 1 be a partition of I such that for each j, 0 < j < n, and each t e [tj, tj +1,
 hth-J e P. For each j, define an ambient isotopy gj,,: M-y M, t e I, by

 if t < tj
 gjt = th-1 if tj < t < tj+1

 th- j~l~t j if tj+, < t.

 Then htho 1 = gn-1,tgn-2,t ... go,t, and gjt e P for each j and t. By the above
 remarks, each isotopy gjt can be expressed as a composition of isotopies with
 the desired properties, and therefore so can hthV-1.

 Let N be the normal subgroup of XC(M) generated by homeomorphisms

 which are supported by a proper ball in M, where a proper ball is defined to

 be a ball B such that B n AM = 0 or B n AM is an (m - 1)-ball. It follows

 from the corollary that N is the subgroup of homeomorphisms which are

 isotopic to the identity, since one may choose to cover M by proper balls.

 Note that N is open by Corollary 1.1. If AM = 0, it is known that N is the

 smallest normal subgroup of XC(M) [4] (if AM # 0, then this relation is no

 longer true, since the smallest normal subgroup is generated by homeo-

 morphisms which are supported by balls in int M).

 7. Relative results

 In this section we examine the problem of extending the results of the
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 preceding sections to the consideration of proper manifold pairs (M, N). A

 locally flat proper manifold pair (M, N) is a pair of manifolds such that N

 is a locally flat submanifold of M, properly imbedded as a closed subset. In

 general when considering an imbedding h: U p M of a subset U of M and a

 deformation cp of h, one would like cp to have the property that if h is in-
 variant on N (i.e., h(un N) c N), then 9(h, t) is invariant on N for all t
 (and likewise if h Un N = 1, then 9(h, t) Un N = 1 for all t). We indicate

 in what follows how it is possible to obtain this property by strengthening
 the proofs of the lemma and the main theorem.

 If q < n, we regard Rq = Rq x 0 as a subspace of RI in the usual

 manner. This induces natural inclusions B" c B" and Tq c Tn. If A and B

 are subsets of a space X and if h: A X is a map, we say that h is invariant

 [respectively, the identity] on B if h(A n B) c B [h A A B = 11.
 Remark 7.1. In the statement of Lemma 4.1, we can furthermore re-

 quire that the deformation k have the following property. If an imbedding

 h e Q c (1B x 4B", aBk x 4Bn; B1k x RI)

 is invariant [identity] on Bk x 4Bq for any q, 0 < q < n - 1, then I(h, t) is
 invariant [identity] on Bk x 4Bq for all t.

 PROOF. In order to obtain this property we require that the immersion

 a: Bk x (TV - D") 3Bk x int 3Bn in the original proof have an additional
 property. Let the n-ball 4D1 c TV - 2Bn be chosen in such a manner that

 4D, n Tq = 4Dq, a q-ball, for each q, 1 < q < n - 1 (for example, let 4D? =
 e([3, 5] x [-2, 2]'-1), where e: Rn - > T4 is the covering map of ? 2). Then the

 original immersion a0: T - D- o int 3B1* can be chosen so that a, I T -Dq
 is an immersion of Tq - Dq into int 3Bq for each q. This can be accomplished

 by constructing a,, inductively (on n), using [6, Th. 4.7] coupled with [5,
 Th. 5.7]. Let a denote the product immersion 1 x a0: B1k x (TI - Dn) 0
 Bk x int 3B. The proof of the lemma now proceeds as before, taking care
 to see that the various deformations of the proof preserve the desired in-

 variance properties. The initial deformation '0 will do so if one chooses a
 natural collar for aBk x RI in Bk x Rn when applying Proposition 3.2. The

 canonical Schoenflies theorem, which is used to extend h2 I to h3, preserves
 the invariance properties of h2 because the shrinkings and expansions used

 in the proof of the theorem are natural. Thus, if h is invariant [identity]

 on Bk x 4Bq, then h3 will be invariant [identity] on Bk x Tq. The remaining
 portion of the proof carries through without further modification.

 Remark 7.2. Suppose (M, N) is a locally flat proper manifold pair. Then
 the deformation 'p in the statement of Theorem 5.1 can be assumed to have
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 82 EDWARDS AND KIRBY

 the additional property that if an imbedding h e P c I( U; M) is invariant

 [identity] on U f N, then 9(h, t) is invariant [identity] on U n N for all t.

 PROOF. We first indicate how case 1 of the proof of the theorem can be

 modified so that the deformation q has this additional property. The idea

 is to initially deform the imbeddings to be the identity on Un wl where

 WN is some neighborhood of (Nn C) U D. The deformation can then be

 completed by applying the original case 1 of the theorem.

 Let p = dim N, and let {(Wi, hi) I1 < i < r} be a finite collection of
 coordinate neighborhoods of M which lie in U and cover N n C - D, such

 that hi: (Wi, W. i N) (Ri, RI) is a homeomorphism of pairs. Let C1, * * *, Cr
 be a collection of compact subsets of N n C - D which cover N f C-D,

 such that Ci c Wi for each i. We proceed now as in the original proof, using
 the same induction argument. The definition of Di is the same, and the
 induction hypothesis carries the additional assumption that if h is invariant

 [identity] on N, then 9,(h, t) is invariant [identity] on N. At the (i + 1)St
 step, the construction of the handlebody pair (K, L) is modified as follows.

 First, construct a handlebody pair (KN, LN) in W1 f N = RP satisfying
 properties 1 through 4, with m replaced by p (so that in particular the

 handles have dimension p). If s > 0 is chosen small enough and if (K, L) is

 defined to be (KN, LN) x sBm-,P then (K, L) is a handlebody pair in Wi,?
 satisfying properties 1 through 4. The handles of (K, L) will have index < p

 and the imbedding pa of property 4 will in addition be a map of pairs such
 that pa: (Bk x Rn, Bk x RP k) - (Rm, RP) and (ce(Bk x Bn), ae(Bk x BP-k)) =
 (A, A n N). The subinduction argument now proceeds as before, carrying

 along in the induction the additional invariance condition. At the completion

 of the induction arguments, one has a neighborhood P of the inclusion C in

 I(U, un V; M) and a deformation q: P x I-i(U, uf D; M) of P into
 i(U, un WN; M) such that p satisfies the invariance property, where WN is

 some neighborhood of (N n C) U D. The deformation can now be completed

 either by applying the original case 1 to appropriately chosen subsets of

 C U D and U, or by continuing the above proof in the manner of the original

 proof, being careful to carry out subsequent deformations away from N.

 The proof of case 2, when C-D - n AM 0, is just the same as the

 original proof except for one additional observation. This is that there

 exists a collar a: AM x [0, 1] M for M such that a I AN x [0, 1] is a collar
 for N, i.e., ojaN x [0, 1])c N. This relative version of the collaring theorem

 is an easy extension of Brown's original proof [2]. It is only necessary to

 start with local collars for AM in M with the property that they restrict to

This content downloaded from 
������������195.37.209.180 on Thu, 22 Oct 2020 09:12:16 UTC������������� 

All use subject to https://about.jstor.org/terms
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 local collars for aN in N. If such a relative collar is used in the proof of

 Proposition 3.2 and in the original proof of case 2, then the deformation 9

 defined there will have the desired invariance properties. This completes the

 proof of Remark 7.2.

 As noted already, the corollaries admit natural extensions to the re-

 lative case. For example, considering Corollary 1.1, let (M, N) be a proper

 manifold pair and let XK(M, N) [respectively ,C1(M, N)] denote the subgroup
 of homeomorphisms of JC(M) which are invariant [identity] on N. Then we

 have

 COROLLARY 7.3. Let (M, N) be a compact locally flat proper manifold

 pair. Then the homeomorphism group XJC(M) of M is locally contractible in

 such a manner that the contractions take XJC(M, N) into itself and 9(1(M, N)

 into itself. Thus, in particular, X7C(M, N) and 7C1(M, N) are locally

 contractible.

 We turn now to the proof of Corollary 1.4.

 PROOF OF COROLLARY 1.4. As in the proof of Corollary 1.2, it suffices to

 show that the isotopy h,: N o M can be covered locally with respect to t,
 that is, for each t, e I there is a neighborhood N(t0) of to in I and an isotopy

 Ht: M-y M, t e N(t0), such that h, = H1h,, for t e N(t0). It is enough to con-
 sider the case t, = 0. We can assume without loss of generality that (M, N)

 is a locally flat proper manifold pair, with N compact, and that ho = 1.

 It follows from the definition of local flatness of ht and the compactness

 of N that there is a finite collection { Ui I 1 ? i ? r} of open subsets of M
 which cover N and an s > 0 such that for each i, the isotopy h I Ui f N,
 te [0, e], admits a proper extension to Uj, say hit: Ui -M, te [0, s], such
 that hi 0= 1. The idea of the proof is to use Remark 7.2 above to show that
 if es < s is chosen small enough, then ht: N o M, t e [0, sj, admits a proper
 extension to some neighborhood U of N. It then follows from Corollary 1.2

 that ht: N - M, t e [0, es], can be covered by an isotopy of M.
 In what follows it will always be assumed that the various isotopies are

 defined for t in the interval [0, s], and that s is to be replaced by a smaller e

 whenever it becomes necessary. Let C1, .., C, be a collection of closed
 subsets of N which cover N such that Ci c Ui for each i. Let Di = U1!j: Cj,
 and assume inductively that there is a neighborhood Vi of Di in M such that t I vi n N admits a proper extension to Vi, say gt: Vi - M, such that go = 1.
 We show how this hypothesis can be extended to hold for some neighbor-

 hood Vj+1 of Di+,, for sufficiently small values of t.

 The basic idea is to replace the extension hi+1,t: Uj+1 M by one which
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 84 EDWARDS AND KIRBY

 agrees with gt: V- M on some neighborhood of Di n ci, Let U0 and U be
 compact neighborhoods of Di n C+1 such that Uc int Uand Uc int ( Vi n ui,),
 and let s be small enough so that hi1,,(U) c g,(v r n Ui1) for all t E [0, e].
 Consider gt'hi1,0 I U, which is 1 on U n N and 1 when t 0 O. If we let

 P ={(gh+1,t I U)j t e [0, 6]}

 then it follows from Remark 7.2 that if s is sufficiently small, there is a

 deformation q: P x I I( U; M) of P into I(U, U0; M) modulo frM U such

 that p(h, t) IU N = 1 for all h e P and t e I. Thus we can define an isotopy
 ft: Uj+1 M by

 {h+,,t on Uj?1 - U
 'gtq(g-1hi~1,t, 1) on U.

 Then ft is an extension of ht U,1 n N and ft agrees with g, on U0.
 It remains to use ft to extend the germ of the isotopy gt over some

 neighborhood V+1 of Di, Let W1, W2 be compact neighborhoods of Di, Ci,
 in Vi, Uj+j respectively such that W1 nW2 c int U,. Let V1 = W1 U W2,
 and extend the isotopy gt I W1: W1 M to V+1 by letting gt I W= ft W2. If
 e is sufficiently small, then gt: V$+1 - M, t e [0,O], is a proper isotopy which
 extends ht VI1 fl N. This completes the proof.

 8. Alternative proof of Lemma 4.1

 The first half of the proof of Lemma 4.1 was concerned with taking a

 proper imbedding h: Bk x 4Bn Bk x RI, which was close to the identity

 and producing a homeomorphism h,: Bk x T Bk x T" which agreed with
 h on Bk x 2Bn. The principal tools used in this construction were the immer-

 sion a of Bk x (TI - Di) into Bk x int 3B" and the canonical Schoenflies

 theorem. We give below an alternative proof which does not use either of

 these devices. The following lemma is proved in sufficient generality so that

 the relative version of Lemma 4.1 (see Remark 7.1) also follows from it.

 LEMMA 8.1. Let h: Bk x 4B Bk x RX be a proper imbedding. If h is

 sufficiently close to the identity, then there is a homeomorphism h: Bk x TV

 Bk x TV with the following properties

 (1) h I Bk x 2B = h I Bk x 2B1,

 (2) h depends continuously on h and if h = 1, then h = 1,

 (3) if h IBk x 4Bn = 1, then h Bk x TV = 1, and
 (4) if h is invariant [identity] on Bk x Rq for any q, 0 < q < n -1,

 then h is invariant [identity] on Bk x Tq (see ? 7 for definitions).

 PROOF. The lemma is proved by using an Aversion of the following
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 theorem about the factorization of maps. If 8 > 0, let en: RI- SI be the

 covering projection defined by e,(x) = e(8x).

 THEOREM (M. Brown, 1964, unpublished; also [14, p. 535]). Let X and

 Y be compact Hausdorff spaces and let h: X x R - Y x R be a homeo-

 morphism. Then there exists a 8 > 0 and a homeomorphism g: X x S'

 Y x S' such that the following diagram commutes,

 X X [-1, 1] Y x R

 {lxXeJ {lxea

 X x Si 9 >Y x Si .

 The proof of this theorem, except for some connectedness arguments, is

 implicit in what follows.

 In order to avoid excess notation, we will prove only the case k = 0.

 For general k, the proof is exactly the same except that everything is

 multiplied by Bk.

 Let a : (-6, 6) x T -'Rn be an imbedding such that aO,((-6, 6) x Tq) c
 Rq+' for each q, 0 < q < n - 1. Such an imbedding can be constructed in-

 ductively by starting with n = 1 and, in general, by obtaining a,.+, from a,,
 by regarding RI as the subset (0, oo) x RI-` x 0 of RI+' and by rotating RI'

 about the axis 0 x R,-' x 0 in RI+' If care is used during the construc-

 tion and if a. is adjusted when completed, then we can further assume that
 a. 12Bn = 1 and

 a,,((-6, 6) x Tn-1) c int 4Bn .

 Let a denote this final imbedding at.

 Let h: 4Bn- Rn be an imbedding. If h is sufficiently close to the identity,

 then ha([-4, 5] x Tn-') c a((-6, 6) x Tn-') and therefore we can define an

 imbedding

 h = cr-'ha: [-4, 5] x T'-1 (-6, 6) x Tn- .

 At this point we make use of the idea of the theorem mentioned above.

 Let a, = -3 2/3, b, = -3 1/3, a, = 4 1/3, and b, = 4 2/3. Define a
 piecewise linear homeomorphism oo: R R by coo(t) = t for t > bl, ow(t) =
 t + 8 for t < a(, and let wt), map the segment [a0, bl] linearly onto the
 segment [al, b1]. Let X, co and 6 be piecewise linear homeomorphisms of
 R x T'-1 onto itself given by X(t, x) = (t - 8, x), a = wo x 'Tn-lS and c =
 XaY-1,-1.

 If the imbedding h1: [-4, 5] x Tn'-1 R x Tn-1 is sufficiently close to
 the identity, then we can define an imbedding h2: [-4, 4] x TI-' - R x TIt'
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 86 EDWARDS AND KIRBY

 by letting h, = pihl [-4, 4] x Tn-', where p: D- Rx Tn-' is an imbedding
 with domain Dp = h,([-4, 5] x Tn-1) and is defined by

 p=J(Xhj)(o)(hj)-' on Dp n xhl([-4, 5] x T
 =1 iielsewhere on Dp

 Then h, depends continuously on h, and h2= 1 if h, = 1 (see the diagram
 below).

 5

 a1
 4

 hj(4) CM )11(4) P (o)11(4)

 21 -

 -2 - ( 1 2h1(5)
 here here

 -4 - - -- -

 here

 ao-8

 (o0h1(-4)

 FIGURE 3

 By definition, h2X = Xh2 on {4} x Tn'. Thus h3 = (e x 1)h2(e x 1)-': Tn
 Tn is a well defined map which makes the diagram below commute.
 Furthermore, h3 is 1 - 1, and therefore a homeomorphism, if h2 is close

 enough to the identity.

 [-4,41 x Tn-1 h2 R x T'-
 jexl |exl

This content downloaded from 
������������195.37.209.180 on Thu, 22 Oct 2020 09:12:16 UTC������������� 

All use subject to https://about.jstor.org/terms



 DEFORMATIONS OF SPACES OF IMBEDDINGS 87

 Thus h3 is the desired homeomorphism h of the lemma. In general, the

 invariance properties of h are preserved by h3 because the stretching and

 shrinking homeomorphisms are invariant on the appropriate subspaces.

 This completes the proof.

 Remark. The above lemma can be strengthened so that the homeo-

 morphism h: Bk x T" Bk x T" actually inherits stronger invariance pro-
 perties from h than those given by property 4 of the lemma. For example,

 property 4 can be replaced by

 (4') if H is a subspace of Rk x Rn generated by a subcollection of the

 standard basis vectors for Rk x Rn and if h is invariant [or the identity]
 on H, then h is invariant [identity] on BH x TH, where BH x TH.=
 e(Hn Bk x Rn).

 Note that this property can be reflected in the deformation / defined in

 Lemma 4.1. Such a version of the lemma would be useful, for example, if

 one were considering homeomorphisms of manifold n-ads (M; N1, *..**, N4)
 where each Ni is a proper locally flat submanifold of M and the various com-
 binations of the Ni's intersect nicely (transversally, for example).

 To prove this version of the lemma, one uses n applications of the

 factorization idea used in the proof instead of one application. Thus,

 starting with the given imbedding h: Bk x 4Bn Bk x Rn, one produces a

 sequence of proper imbeddings h = ho, hl, ..., h., where

 hj: Bk x Tj x (4 - j/n)Bn-i Bk x Tj x Rn-j

 is such that hj and hj+1 agree on Bk x Ti x 2Bn-. Each imbedding is pro-
 duced directly from the preceding one by "identifying" Bk x Tj x {3} x 4Bn-'-1

 with Bk x Tj x {- 3} x 4B"-'-1 to produce Bk x Ti+1 x 4B-i-1. The final

 imbedding h,, is the desired homeomorphism h.
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